EIGENVALUES OF THE ADIN-ROICHMAN MATRICES 



GIL ALON 



Abstract. We find the spectrum of the Walsh-Hadamard type matrices de- 
fined by R.Adin and Y.Roichman in their recent work on character formulas 
and descent sets for the symmetric group. 



1. Introduction 

Adin and Roichman described in [I] a general framework for various character 
formulas for representations of the symmetric group. A key ingredient in their 
description is a family of matrices- (A n ) >0 and (i?„) ji>0 which are defined, recur- 
sively, by A = Bq = (1) and for n > 1, 

I __ I A n -\ A n -i \ -q _ ( A n -i A n ^i 



A n -i —B n -i J ' n y — B n -i 

The matrix A n was shown to connect between combinatorial objects of vari- 
ous types and character values. It has been shown in [T] that A n is invertible, 
and hence the character formulas may be inverted, yealding formulas for counting 
combinatorial objects with a given descent set using character values. 

Adin and Roichman asked the more subtle question of finding the eigenvalues of 
A n and B n . They made the following conjecture: 

Conjecture 1. [TJ Conjecture 4.10] 

(i) The roots of the characteristic polynomial of A n are in 2 : 1 correspon- 
dence with the compositions of n: each composition (i — (/ii , . . . , fit) of n 
corresponds to a pair of eigenvalues ±y/W^ of A n , where 



i=l 

(ii) Similarly, the roots of the characteristic polynomial of B n are in 2 : 1 cor- 
respondence with the compositions of n: each composition /i = (/ii, . . . , fj, t ) 
of n corresponds to a pair of eigenvalues zty/ir^ of B n , where 

t-i 

i=l 

We will prove this conjecture (see Theorem l20l below). Our method of proof 
is as follows: We conjugate the matrices A n and B n by a combinatorially defined 
matrix U n , and get a lower anti-triangular matrix, i.e. a matrix with zeros above 
the secondary diagonal. The area below the secondary diagonal in the conjugated 
matrices is quite sparse, and we show that a permutation can be chosen, so that 
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after conjugating with the corresponding permutation matrix we get matrices which 
are lower-triangular in blocks of size 2x2. From this form, the eigenvalues can be 
easily obtained. 

The rest of this paper is organized as follows: in section [5] we give some defini- 
tions, and recall the non-recursive definition of A n and B n from pQ. In section |3l 
we outline in more detail the strategy of the proof. In section |4j we describe the 
conjugation of A n and B n into lower anti-triangular matrices. In section [5j we find 
the suitable permutation, and in section [5] we use it to prove the conjecture. In the 
final section we give an equivalent, non- recursive description of the permutation 
involved in the proof, and also describe it in terms of the Thue-Morse sequence. 



Let us recall some of the definitions in [T]. We use the notation [n] = {1, 2, .., n} 
and [a,b] = {i E Z,\a < i < b}. A nonempty set of the form [a,b] is called an 
interval. Given intervals 1\ and 1% , Ii is called a prefix of I2 if min I\ = min I2 and 



Given a set / C [n], the runs of I are the maximal intervals contained in I. They 
are denoted, in ascending order, by I\,l2,... . For example, if / = {2,4,5} then 
h = {2} and I 2 = {4,5}. 

Definition 2. Given sets /,JC [n], let us write / 3> J if each run of I n J is a 
prefix of a run of I. (Note that this is not an order relation) . 

Let us now describe the non-recursive definition of A n and B n . It is convenient 
to index the rows and columns of the 2™ x 2" matrices A n and B n by subsets of [n] . 
We order the subsets of [n] linearly by the lexicographical order, as described in 
PQ . An equivalent definition of the lexicographical order comes from the following 
function: 

Definition 3. Let r n : P([n}) — > [2™] be given by the binary representation, 



Note that A < B with respect to the lexicographical order if and only if r n (A) < 



2. Preliminaries 



r n (A) = 1 + J2 2 




and 





otherwise 



The lemma is proved in [I] lemma 4.8]. 



3. Strategy of the proof 



Definition 5. Let U n be the matrix U n (I, J) 




otherwise 



Note that U n is the transpose of the matrix Z n defined in pQ. 
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Definition 6. A matrix A of size mxmis called lower anti-triangular if Aij = 
for all i, j satisfying i < n — j. 

We will show that the matrices UnAnU^ 1 and J/" 1 are (when rows and 

columns are written in lexicographical order) anti-triangular. For example, 

1\ 
2 
2 
3 1 
2 
4 
1 
2 2 0/ 

Furthermore, we will see that U n A n V~ x can be conjugated by a permutation ma- 
trix, such that the resulting matrix is block-triangular with blocks of size 2x2. 
For example, for n — 3 we may take the permutation 

/12345678\ 
Cr ~( v 6327458lJ' 

If P is the corresponding permutation matrix, then 

0\ 



2 



1 3 
2 
2 4 
1 0/ 

It is easy to deduce the eigenvalues of A n from this form. 

4. Conjugation by U n 

Definition 7. Let A' n = f/ n A„([/„)- 1 and B' n = U n B n (U n )-\ 

We will prove below that, A' n and B' n are anti-triangular. Some other properties 
of these matrices may be observed. For example, for n — 9 and / = {1, 2, 3, 6, 7, 9}, 
we may note that A' 9 (I, J) ^ only for 

J = {4, 5, 8}, {2, 4, 5, 8}, {3, 4, 5, 8}, {4, 5, 7, 8}, {2, 4, 5, 7, 8}, {3, 4, 5, 7, 8} 

that is, only for sets of the form IDE where E C I and E does not contain a 
minimal element of a run of /, nor does it contain two consecutive elements. 

Definition 8. For a set / C [n], let us denote tt(I) = JJ^nt + 1), where rij is the 
size of the ith run /j . 

Example 9. tt({1, 2, 3, 5}) = (3 + 1)(1 + 1) = 8. 

Lemma 10. We have 

(1) A' n (I, J) = unless ICJ (where I=[n]\I). 

(2) A' n (lJ)=*(I) 



U 3 A 3 U^ = 



/0 











3 

\4 



PUsAzU^P- 1 = 



(0 


4 
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(3) A' n (I,I(JE) = if E C I and E contains a minimal element of an interval 
of I. 

(4) A' n (I,lU E) =0 if E C. I and i,i + 1 e E for some i. 

Proof. By Mobius inversion (see [3] and [TJ section 5]), the inverse of U n is given 

by 

'(-l)IAJI if ID J 
otherwise 
Hence we have, by definition of matrix multiplication, 



(U n )- L (I,J) = 



A' n (I,L) = U n {I,J)-A! n {J,K)-{U- l ){K,L) 

J,K<Z[n] 

^2 (_ 1 )|./nK|+|/Ai| 

J,K:IDJ,JS>K,KDL 

We will use the last formula in the proof of each claim. Given I, J, if and some 
x G [n], let us say that we may toggle x in if if for each if C [n] \ {x}, the 
contributions of (J, if) and (J, if U {x}) to the above some cancel out. Similarly, 
given /, if and L, we will say that we may toggle x in J if for each JC [n] \ {x}, 
the contributions of (J, if) and (J U {a;}, if) to the above sum cancel out. 

(1) Let us assume that I <£. L, and let x G [n] be such that x ^ I and x ^ L. For 

each J in the sum J2j k-idj j^>k OL(~ 1 )' JnK ' + '^ i '' we have £ <f- J- We 
may toggle x in if, since for if C [n] \ {x}, if and if U {x} have the same 
intersection with J. Hence, the entire sum cancels out, i.e. A' n (I, L) = 0. 

(2) We have 

<(/,/)= £ (_l)I^M*n/| 

For each J C i, the sum over J is 0, since we may take x E I \ J and 
toggle x in if (as in the previous case, adding x to if does not change the 
intersection if PI J). Hence only I = J contributes to the sum and we get 

A'JLI)= J2 (-1)1^1+1^1=^(1) 

K:/»Jf,JfD/ 

(3) Suppose that x G E is a minimal element of an interval in i. For each J 
participating in the sum 

A' n (lJl)E)= ]T ^\JnK\+\KninE\ 

J,K:IDJ,J-»K,KDIUE 

we have x — 1 ^ I ^ x — 1 ^ J, whereas x G if (because x £ E). Hence, 
we may toggle x in J (adding a; to J may only extend one interval in J one 
place to the left, and removing x may only shrink one interval by one place 
from the left, hence J > A' O J U {x} ^> if), and the whole sum is 0. 

(4) If i, i + 1 G E then in the sum for A' n (I, I U E), for each if in the sum we 
have £ ItlK and we may toggle i + 1 in J. 

□ 

Definition 11. Let I, J C [n]. 
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(1) We write J ^ 7 if J C J and J does not contain any minimal element of a 
run of 7, nor does it contain two consecutive elements. 

(2) We write I rx J if J = I U E for some E <I. 

Corollary 12. 

(1) A' n is lower anti-triangular. 

(2) A' n (I, J) 7^ only if I rx J . 

This follows immediately from lemma 1101 
Similar results hold for B' n : 

Definition 13. For a set A C [n], let us denote Tr' n (A) — Y[i( n i + 1): where m is 
the size of the zth run 7$, and the product excludes the run containing n, if it exists. 

Example 14. ^({1,2,4,5,7,8}) = (2 + 1)(2 + 1) = 9 and n' 8 ({l, 2,4, 6, 7) = 
(2 + l)(l + l)(2 + l) = 18. 

Lemma 15. We have 

(1) B' n (I, J) = unless I C J. (Wiere 7 = [n] \ 7j. 

(2) B;(7,7)=<(/) 

(3) B' n (I,lUE) = if E C I and E contains a minimal element of a run of I. 

(4) B' n (I,lU E) — if E C I and i,i + 1 E E for some i. 

Proof. The proof goes along the lines of the proof of lemma [TO] We have 

J,K:IDJ,J-»K,KDL,nf.J\K 

We repeat the arguments in the above proof: 

(1) We assume that I <£. L, and let x € [n] be such that x ^ 7 and x ^ 7. 
Since for each J in the sum, x ^ J, adding or removing x from if does not 
change J\ K. Hence, we may still toggle x in K, and get B' n (I, L) = 0. 

(2) We have 

B'JIJ)= ]T ( _ 1) |JnAl+|Kn/|_ 

J,K:I2J,J^>K,KDI,n<£J\K 

If J C 7, we may still take x € 7 \ J and toggle x in (adding or removing 
x from will not change J \ K). Hence we may take 7 = J in the sum: 

K(7,7)= £ (-1)1^1+1^1 =<(i). 

(3) We have 

B' n (lJuE)= J2 (_i)UnA-|+|KninE|_ 

If x € £ is a minimal element of a run of 7, then for each TC participating 
in the sum for B n (I, I U E) we have x € K, and toggling x in J does not 
change J\K. 

(4) Again, if i, i + 1 E E then i + 1 E K and we may still toggle i + 1 in J. 

□ 

Corollary 16. 

(1) B' n is lower anti-triangular. 

(2) B' n (I,J) ^ on/j/ iflrxJ. 
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5. Conjugation by a permutation matrix 

We have shown that A n is conjugate to a matrix A' n which satisfies some nice 
properties: It is anti-triangular, its anti-diagonal elements are given by A n (I, I) — 
n(I), and it is sparse: A' n (I, J) ^ only if I r% J. We will use all these properties 
to find a suitable permutation matrix for further conjugating A' n into a 2 x 2 block- 
triangular matrix. The same permutation will also conjugate B' n into a block matrix 
of the same type. 

Lemma 17. There exists a one-to-one function a n : [2"] — > P([n]) such that: 

(1) For alll<i< 2"" 1 , a n (2i) = a n {2i - 1) 

(2) For alll<i< 2"" 1 , 1 e a n ( 2i - 1) 

(3) Ifa n (i) r\ a(j) then a n (i) = a n (j) or j < i. 

Simply put, the lemma states that we can list the subsets of [n] in pairs of 
complementing sets, such that when a set / is listed, all the sets J such that I rx J, 
except possibly /, have already been listed. 

Example 18. For n = 3, we may take the following function: 



i 


<7 3 (2i-l) 


<j 3 (2i) 


1 


{1,3} 


{2} 


2 


{1} 


{2,3} 


3 


{1,2} 


{3} 


4 


{1,2,3} 






In fact, this is the only possible function, but for larger values of n it is not 
always unique. Note, however that for any n we must have o~ n (l) = {1,3, 5, ...}. 

Proof. We shall construct a function a n satifying the above conditions explicitely. 
The construction is recursive: For n = lwe define o\{\) = {1}, eri(2) = 0. 
Let us assume that 01, er„_i have been defined. 
First we define the value of a n (j) for 1 < j < 2 n ~ 1 by: 

a n (2i-l) = {l}U(<7 n _i(2t) + l) 
a n (2i) = <T„_ 1 (2i-l) + l 
(1 < i < 2 n - 2 ) 

Note that all the pairs of sets in this half-list have 1 in one set and 2 in the other. 
We define the next 2 n ~ 2 values by 



a n (2 n - 1 + 2i - 1) = {l,2}U(<T„_ 2 (2z) + 2) 
a n {2 n - 1 + 2i) = cr„_ 2 (2z-l) + 2 



(1 < i < 2 n - 3 ) 

and in general, 



cr„(2 n -2™-' £ + 2z-l) = 



Tn(2 r 



-yn — k 



+ 2i) 



[A: + f]U(a n _ fe _i(2z) + fc + l) 

CT„_fe_l(2i-l) + fc+l 



for all < k < n - 2, 1< i < 2"- fe - 2 . 
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Finally, we define 

ov,(2 n -l) = [n] 

<Tn(2 n ) = 0- 

Let us call the sets defined at the fc-th stage (i.e. the sets at places 2 n — 2™~ fc + 
1, .., 2™ — 2"~ fe + 2 n ~ fc ~ 1 ) the sets of the k-th chunk. Since all the functions ct; are 
one-to-one, the k-th chunk consists of sets that contain [k + 1] but don't contain 
{k + 2}, and the complements of these sets (which are exactly the sets whose 
minimum is k + 2). 

Let us prove that the conditions are satisfied: the first two, o~ n (2i) — cr n (2i — 1) 
and 1 e a n (2i — 1), are easy to check. For the third one, we look again at 

I := a n (2 n - 2 n - k + 2i- 1) = [k + 1] U (pn-k-\ + k + 1) 

If I rx J and J ^ /, then we may write J = I U E for some % ^ E < I . If 
[k + 1] n E = 0, then min J = fc + 2, hence J also belongs to the fcth chunk, and by 
the induction hypothesis, since (J \ [k + 1]) — (k + 1) rx J — (k + 1), J is equal to 
<j„(2" - 2™- fe + 2j) for some 1 < j < i. If [k + 1] f)E ^ 0, then let Z = minS. We 
have l<Z<fc + l(l cannot be an element of E since E < I) and I\J E belongs 
to the (Z — 2)nd chunk, hence (since I — 2 < k) appears before / in the list. 

Next, we consider 

J := <t„(2" - 2™~ fc + 2i) = a n _ fc _i(2i - 1) + k + 1 
Note that min J = fc + 2. Given % ^ E < J, J U E contains [fc + 1] and does not 
contain k + 2. We have k + 2 E, hence 1 ^ E - (k + 1). Also, fc + 2 <E J and by 
the induction hypothesis K := ([n — fc — 1] \ ( J — (fc + 1))) U (E — (k + 1)) appears 
before J — (k + 1) in the list <r n _/._i. Hence, JU E = [k + 1] U (i^ + fc + 1) appears 
before J = (J - (fc + 1)) + k + 1 in cr n . □ 

6. Eigenvalues of A n and B n 

Let us take a n as in lemma [17] and view o~ n as a permutation on [2™] (using, 
as usual, the lexicographical order on P([n])). Let P n be the permutation matrix 
corresponding to <j n , i.e. P n (i,j) = 5<r„(*)j) an d l et = ^n^-P^ 1 

We have A"(i,j) = P n A^P~ 1 (i,j) = A^(c n (i), o" n (j)), hence (by corollaries 
IT21 and [TBI and lemma H7| A'^(i,j) = if j > i and is not of the form 

{2t + 1, 2t + 2}. Hence, A" is lower triangular in 2 x 2 blocks. 

The blocks on the main diagonal of A'^ are in correspondence with subsets of 
/ C [n] satisfying lei". To such a set corresponds the block 

( rr(i) \ 
I rr(i) ) 

The characteristic polynomial of this block is t 2 — Hence the charac- 

teristic polynomial of A n is 

det(*J- A n ) =det(tJ-0 = J] (t 2 - tt{I)tt{I)) 

1G/C[n] 

Similarly, let us define £?" = PnB^P^ 1 , and again is lower triangular in 
2x2 blocks, the blocks on the main diagonal are in one-to-one correspondence with 
subsets 1 e i C [n] , and the block corresponding to such I is 
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( tt'(I) \ 
I 7r'(7) j 

Thus, 

det(fcf - S„) = det(iJ - = f[ (t 2 - tt' (/)*"' (-0) 

ie/c[,i] 

Let us note that there is a one-to-one correspondence between sets 1 £ I C [n] 
and compositions of n: 

Definition 19. Given a set / satisfying 1 £ I C [n], let n 1; n 2 , ... be the sizes of 
the runs I\, I2, ■■ of I, and let mi, 1112, ... be the sizes of the runs I\, I2, ... of /. Let 
Hn{I) be the composition (m, mi, n2, m<i, ...) of n. 

For example, /^ 8 ({2,4,5}) = (1,1,1,2,3). 

The correspondence /i„ satisfies 7r(/i„(/)) = tt(I)tt(I) and ir'(p n (I)) = ir' n (I)Tr' n (I) . 
We conclude: 

Theorem 20. PFe /mue 

• det(t/-A„) = n M ( i2 -^(^)) 
. det {tl - B n ) = n M (t 2 - 7r'(/i)) 
T/ie products extend over all compositions fi of n. 

This proves conjecture [TJ 

7. A CLOSER LOOK AT er„ 

The function a n : [2 n ] — > has been defined recursively in the proof of 

lemma [T71 We will now give a non-recursive definition. For that matter, it is more 
convenient to look at the permutation a n r n : P([n\) — > P([n]) (recall the definition 
of r„ in section [2]). 

Theorem 21. The permutation a n r n is given by 

t £ o- n r n {I) & I ({1} U [n - t + 2, n]) \I\ = 1 mod 2 

Proof. Let us prove by induction on n. For n = 1, we have ir 1 r 1 (0) = o~i(l) = {1} 
and o-in({l}) = o-i (2) = 0, and accordingly, |{1} \ 0| = 1 and |{1} \ {1}| = 0. 
Suppose that the claim is true for 1, .., n — 1. Recall the recursive definition 

a n (2 n - 2 n - k + 2i - 1) = [k + 1] U (o- n _ fc _ 1 (2i) + k + l) 

Let 2i — 1 = r„_fc(J), for some J C [n — k — 1] (note that 1 ^ J). 
Since 2" - 2"~ fe = 2™- fe + 2"- fe+1 + .. + 2"" 1 , we have 

2™ - 2™- fe + 2i - 1 = r„(J U [n - fc + 1, n]). 

Let 

/:=JU[n-fc+l,n]. 
Note that n — k ^ J and n — k ^ I. 
We have 

cr„r n (I) = [fc + l]U(d„_ fc _i(2i) + fc + l) 

= [* + 1] U (d„_ fc _ir„„ fc „i({l} U J) + k + 1) 

For all t £ [n] , 
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• If t < k + 1 then (since 1^7), 

|({l}U[n-i + 2,n])\J| = l 

and t € a n r n (I). 

• If f = k + 2, then (since n — k £ I), 

|({l}U[n-t + 2,n])\I|=2 

and (since 1 ^ cr n _fe_i(2i)), < ^ cr n r n (J). 

• If t > k + 2 then 

|({l}U[n-i + 2,n])\/| = |({l}U[n-t + 2,n-fc])\J)|. 
by the induction hypothesis, 

t£a n r n (I) <S> 
t - (k + 1) G o-„-fe_ir n _ fe _i ({1} U J) O 
|({l}U[(fi-fc-l-(*-(fc + l))+2,ra-fc-l])\({l}U J)| = 1 mod 2 ^> 
|[n-t + 2,n-fc- 1] \ J| = 1 mod 2 ^ 
|({1}U [n-i + 2,n])\/| = 1 mod 2 
as desired (in the last stage we used the fact that n—k ^ I and [n—k+1, n] C 

Also, a n r n ([2,n]) = cr n (2"-l) = [n], and | ({1}U [n-i+ 2,n])\[2,n]| = 1 mod 2 
for all t, as desired. Thus, we have verified the claim for all / C [n] such that 1 G /. 
The remaining cases follow easily from the property a n (2i) = cr n (2i — 1). □ 

Another description of a n has to do with the Thue-Morse sequence. Let us recall 
the definition of the sequence: It is a binary sequence {t n ) n>0 , obtained as the limit 
of the finite words w n , where wq = and it> n +i = w n W n for n > 0. For example, 
itfi = 01,102 = 0110,103 = 01101001, hence the first terms of the sequence are 
0,1,1,0,1,0,0,1,... 

The term t n of the Thue-Morse sequence is equal, modulo 2, to the sum of the 
digits in the binary expansion of n (See [5]). 

Let us encode the function a n with n binary words of length 2": 

Definition 22. For 1 < i < n, let W n ,i be the binary word w™ l w™ 2 --- wr i2 ri where 

ji iea nU )_ 

I otherwise 

Then W n ,i is given in terms of the Thue-Morse sequence: 
Corollary 23. W ni = (^^!^^!^^^ ^ 



Proof. Since wf^j-i = w "2j' ^ ^ s enou gh to check the equality only on the letters 
of W n}i with odd index. 

Suppose that 2\i. By theorem [^Tl for / C [n] such that 1 £ I, 

i G o-„(r n (J))) <S> 
|[n-« + 2,n]\J|=0 mod 2 ^> 
|[n-i + 2,n]n/| = 1 mod 2 <^> 

i i r „ m — 1 i =1 
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Similarly, if 2 \ i, we get that 



i G «r„(r„(7))) <S> i 




= 



Since r„(7) may assume any odd value between 1 and 2™ — 1, the proof is com- 
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